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Abstract
The aim of present paper is to introduce variable exponent bounded Riesz p(·)-variation and describe variable exponent Sobolev
space W 1,p(·).
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1. Introduction
Let f ∈ L(a, b) and for function F we have following representation
F(x) =
 x
a
f (t)dt + F(a). (1.1)
According to Lebesgue statement: F can be represented as (1.1) if and only if F is absolutely continuous function
(see [1]).
F. Riesz [2] proved that function F can be represented as (1.1) where f ∈ L p, (1 < p < +∞) if and only if for
every partition of the interval (a, b) the sums
k
|F(xk)− F(xk−1)|p
|xk − xk−1|p−1
are uniformly bounded (such F functions are called functions of bounded Riesz p-variation). Besides this
sup
Π

k
|F(xk)− F(xk−1)|p
|xk − xk−1|p−1 =
 b
a
| f (x)|pdx,
where Π is the set of all finite partitions of (a, b).
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It must be mentioned that in this statement interval may be infinite.
Z. Cybertowicz and W. Matuszewska generalized the Riesz’s above result for the functions from Orlicz space
(see [3]). Let ϕ be a convex function which satisfies following conditions
ϕ(t)/t → 0 as t → 0+ and ϕ(t)/t →+∞ as t →+∞,
then function F can be represented as (1.1) where f ∈ Lϕ if and only if the sums
k
ϕ
 |F(xk)− F(xk−1)|
|xk − xk−1|

(xk − xk−1)
are uniformly bounded for every partition of the interval (a, b). Besides this
sup
Π

k
ϕ
 |F(xk)− F(xk−1)|
|xk − xk−1|

(xk − xk−1) =
 b
a
ϕ(| f (x)|)dx .
Let (ϕ(n)) and (p(n)) be some positive sequences, such that p(n) ↑ +∞, n → +∞ and ϕ(n) ≥ 1, p(n) > 1 for
any natural n.
On the finite interval (a, b) we consider the class of measurable functions f for which
A := sup
n
1
ϕ(n)
 b
a
| f (x)|p(n)dx
1/p(n)
< +∞. (1.2)
In [4] we considered an analogue of the Riesz statement for the above defined class of functions.
Namely we prove following:
(1) Let lim infn→+∞ ϕ(n) < +∞. Function f is essentially bounded if and only if function f satisfies condition
(1.2).
(2) Let lim infn→+∞ ϕ(n) = +∞. For any sequence (p(n)) there exists a function f which is not essentially bounded
but satisfies condition (1.2).
(3) Function F can be represented as (1.1) where f satisfies (1.2) if and only if
B := sup
n
1
ϕ(n)

sup
Π

k
|F(xk)− F(xk−1)|p(n)
|xk − xk−1|p(n)−1
1/p(n)
< +∞.
Besides of this A = B. The analogue of Riesz’s statement is true for functions of many variables (see [4]).
In the present paper we get the necessary and sufficient condition for that the function F can be represented as
(1.1) where f belongs to the variable exponent Lebesgue space.
Throughout the whole paper, we use C as an absolute positive constant, which may have different values in different
occurrences.
2. Variable exponent Lebesgue spaces
Given a measurable function p : [0, 1] → [1,+∞). L p(·)[0, 1] denotes the set of all measurable functions f on
[0, 1] such that for some λ > 0
[0,1]
(| f (x)|/λ)p(x) dx < +∞.
This set becomes a Banach function space with the Luxemburg’s norm
∥ f ∥p(·) = inf

λ > 0 :

[0,1]
(| f (x)|/λ)p(x) dx ≤ 1

.
The corresponding Sobolev space W k,p(·) is defined to be the subset of functions f in L p(·)[0, 1] such that its
derivative of the order k − 1 is absolutely continuous and the function f and its derivatives up to order k have a finite
L p(·) norm, for given exponent.
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Note that by definition Sobolev space W 1,1 coincides with class of absolute continuous functions. Also W 1,∞
coincides with class of Lipschitz continuous functions ( f is called Lipschitz continuous if there exists a real constant
C ≥ 0 such that, for all x and y in [0, 1] | f (x)− f (y)| ≤ C |x − y|).
The variable exponent Lebesgue spaces L p(·)(Rn) and the corresponding variable exponent Sobolev spaces W k,p(·)
are of interest for their applications to the problems in fluid dynamics, partial differential equations with non-standard
growth conditions, calculus of variations, image processing, etc. (see [5]).
From Riesz’s statement follows that for constant exponent p(1 < p < ∞) Sobolev space W 1,p is fully described
by the Riesz p-variation, namely class of functions bounded Riesz p-variation coincides with W 1,p.
The aim of our paper is to introduce variable exponent bounded Riesz p(·)-variation and describe Sobolev class of
functions W 1,p(·).
For the given p(·), the conjugate exponent p′(·) is defined pointwise p′(x) = p(x)/(p(x)− 1), x ∈ [0, 1]. Given
a set Q ⊂ [0, 1] we define some standard notations:
p−(Q) := essinf
x∈Q p(x), p+(Q) := esssupx∈Q p(x), p− := p−([0, 1]), p+ := p+([0, 1]).
Recall that the Hardy–Littlewood maximal operator is defined for any f ∈ L1[0, 1] by
M f (x) = sup
x∈Q
1
|Q|

Q
| f (t)|dt,
where the supremum is taken over all Q ⊂ [0, 1] intervals containing point x (assume that sets like [0, a) and (a, 1]
are also intervals) and |Q| denotes the Lebesgue measure of Q.
Denote by B the class of all measurable exponents p(·), 1 < p− ≤ p+ < ∞ for which the Hardy–Littlewood
maximal operator is bounded on the space L p(·)[0, 1]. Different aspects concerning this class can be found in
monographs [6] and [5].
Definition 2.1. Let Q ∈ Π . We define averaging operator with respect to Q by
TQ f (x) =

Q∈Q
| f |QχQ(x),
where fQ = 1|Q|

Q f .
In [7], L. Diening showed that p ∈ B if and only if there exists C > 0 such that for any f ∈ L p(·)(Rn),
sup
Π
∥TQ f ∥p(·) ≤ C · ∥ f ∥p(·).
T. Kopaliani [8] gives following characterization of exponents in B.
Theorem 2.1. p(·) ∈ B if and only if
∥χQ∥p(·) ≍ |Q|
1
|Q|

Q
1
p(x) dx and ∥χQ∥p′(·) ≍ |Q|
1
|Q|

Q
1
p′(x) dx (2.1)
uniformly for all intervals Q ⊂ [0, 1].
Throughout the paper under the relationship A ≍ B we mean that there exist absolute constants C1 > 0 and
C2 > 0 such that C1 · A ≤ B ≤ C2 · A.
For interval Q we define p¯(Q) and p¯′(Q) by
p¯(Q) :=

1
|Q|

Q
1
p(x)
dx
−1
, p¯′(Q) :=

1
|Q|

Q
1
p′(x)
dx
−1
.
Let us define discrete variable Lebesgue space l p,Q
l p,Q :=
{xQ}Q∈Q : 
Q∈Q
|xQ | p¯(Q) < +∞
 ,
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which is equipped with the Luxemburg’s norm
∥x∥l p,Q = inf
λ > 0 : 
Q∈Q
|xQ/λ| p¯(Q) ≤ 1
 .
As usual {eQ}Q∈Q is the canonical basis of l p,Q (eQ has entry 1 at the index Q and 0 otherwise).
For discrete l p,Q space its associate space of l p,Q is defined by
(l p,Q)′ =
{yQ}Q∈Q : 
Q∈Q
|xQ · yQ | < +∞, for all x ∈ l p,Q

and endowed with associate norm
∥y∥(l p,Q)′ = sup

Q∈Q
|xQ · yQ | : ∥x∥l p,Q ≤ 1
 .
Note that in this case the associate space of l p,Q is equal to l p′,Q and norms ∥ · ∥(l p,Q)′ and ∥ · ∥l p′,Q are equivalent.
Also we have Ho¨lder’s inequality
Q∈Q
|xQ · yQ | ≤ C∥x∥l p,Q · ∥y∥l p′,Q , x ∈ l p,Q, y ∈ l p
′,Q. (2.2)
Let us now provide the auxiliary result (see [7, Theorem 4.2], [9, Lemma 2.3]) which we will use in the proof of
our result.
Lemma 2.1. Let p ∈ B. Then

Q∈Q
xQχQ

p(·)
≍


Q∈Q
xQ∥χQ∥p(·)eQ

l p,Q
,
uniformly for all Q ∈ Π and all sequences {xQ}Q∈Q, xQ ∈ R.
3. Main result
Let Q = {Qi } be a finite partition of [0,1]. Let Π denote the set of all possible finite partitions of [0,1].
Let us define the class of functions of bounded Riesz p(·)-variation.
Definition 3.1. We say that F is function of bounded Riesz p(·)-variation if
D(F) := sup
Π

i
|F(xi )− F(xi−1)| p¯Qi
(xi − xi−1) p¯Qi−1
< +∞.
It is clear that if exponent is constant p(x) = p for all x ∈ [0, 1], then the class of functions of bounded Riesz
p(·)-variation coincides with the class of functions of bounded Riesz p-variation.
The following theorem gives the characterization of Sobolev W 1,p(·) space by the bounded Riesz p(·)-variation.
Theorem 3.1. Let 1 < p− ≤ p+ < +∞.
(i) If D(F) < +∞, then F can be represented as (1.1) where f ∈ L p(·)[0, 1];
(ii) If p(·) ∈ B and F is represented as (1.1) where f ∈ L p(·)[0, 1], then D(F) < +∞.
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Proof. (i) Let D(F) < +∞ and Q is some finite family of disjoint intervals Qi = (xi ; yi ) from (0; 1). Using (2.2)
we obtain
i
|F(yi )− F(xi )| =

i
|F(yi )− F(xi )|
|Qi |( p¯Qi−1)/ p¯Qi
|Qi |( p¯Qi−1)/ p¯Qi
≤ C ·

 |F(yi )− F(xi )|
|Qi |( p¯Qi−1)/ p¯Qi

Qi∈Q

l p,Q
·
|Qi |1/ p¯′Qi Qi∈Q

l p′,Q
.
Without loss of generality suppose that D(F) ≥ 1. By definition of D(F) we have
1 ≥

i
 |F(yi )− F(xi )|
|Qi |( p¯Qi−1)/ p¯Qi
· 1
(D(F))1/ p¯Qi
 p¯Qi
≥

i
 |F(yi )− F(xi )|
|Qi |( p¯Qi−1)/ p¯Qi
· 1
(D(F))1/p−
 p¯Qi
,
consequently by the definition of the norm in the space l p,Q we get
 |F(yi )− F(xi )|
|Qi |( p¯Qi−1)/ p¯Qi

Qi∈Q

l p,Q
≤ (D(F))1/p− .
Analogously it is clear that|Qi |1/ p¯′Qi Qi∈Q

l p′,Q
≤

i
|Qi |
1/p′+
.
Finally by the last two inequalities we obtain

i
|F(yi )− F(xi )| ≤ C · (D(F))1/p− ·

i
|Qi |
1/p′+
.
From this inequality we conclude that F is an absolutely continuous function.
Let us for each natural n divide (0, 1) into 2n equal intervals Qi = (xi−1; xi ), (i ∈ {1, . . . , 2n}) and construct step
function fn
fn(t) =
2n
i=1
 F(xi )− F(xi−1)xi − xi−1
 p¯Qi χQi (t).
Since p(·) is a measurable function and 1 < p− ≤ p+ < +∞, it is integrable in Lebesgue sense, therefore by
Lebesgue differentiation theorem we have
lim
n→+∞
t∈Qi
p¯Qi = limn→+∞
t∈Qi

1
|Qi |

Qi
dx
p(x)
−1
= p(t), (3.1)
for almost all t ∈ [0, 1]. By (3.1) and the fact that F is absolutely continuous function we get that fn(t)→ |F ′(t)|p(t),
n →+∞ for almost all t ∈ [0, 1]. Therefore by Fatou’s lemma we obtain 1
0
|F ′(t)|p(t)dt =
 1
0
lim
n→+∞ fn(t)dt =
 1
0
lim inf
n→+∞ fn(t)dt
≤ lim inf
n→+∞
 1
0
fn(t)dt = lim inf
n→+∞
2n
i=1

Qi
fn(t)dt
= lim inf
n→+∞
2n
i=1

Qi
 F(xi )− F(xi−1)xi − xi−1
 p¯Qi χQi (t)dt
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= lim inf
n→+∞
2n
i=1
|F(xi )− F(xi−1)| p¯Qi
(xi − xi−1) p¯Qi−1
≤ sup
Π
2n
i=1
|F(xi )− F(xi−1)| p¯Qi
(xi − xi−1) p¯Qi−1
= D(F) < +∞.
This implies that F ′ ∈ L p(·)[0, 1].
(ii) Let p ∈ B, f ∈ L p(·)[0, 1] and F(x) =  x0 f (t)dt + F(0) then F(xi )− F(xi−1)xi − xi−1
 = 1xi − xi−1
 xi
xi−1
f (t)dt
 = | fQi | ≤ | f |Qi . (3.2)
By (2.1) we have ∥χQi ∥p(·) ≍ |Qi |1/ p¯Qi . By (3.2) and the fact that p¯Qi numbers are uniformly bounded we get
i
|F(xi )− F(xi−1)| p¯Qi
(xi − xi−1) p¯Qi−1
=

i
 |F(xi )− F(xi−1)|
xi − xi−1
 p¯Qi
(xi − xi−1)
≤

i
| f |Qi  p¯Qi |Qi | =
i

| f |Qi |Qi |1/ p¯(Qi )
 p¯Qi ≤ C
i
| f |Qi ∥χQi ∥p(·) p¯Qi . (3.3)
Since boundedness of the Hardy–Littlewood maximal operator implies the boundedness of the averaging operator TQ
in L p(·) then by Lemma 2.1 we get

Q∈Q
| f |Q∥χQ∥p(·)eQ

l p,Q
≍
 | f |QχQ
p(·) = ∥TQ f ∥p(·) ≤ C∥ f ∥p(·), (3.4)
uniformly for all Q ∈ Π . By (3.3) and (3.4) we get that D(F) < +∞.
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